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Abstract 



We include fermions to the model proposed in hep-th/0606021 , and obtain a 
renormalizable 4-dimensional SU(N) gauge theory which spontaneously gen- 
erates fuzzy extra dimensions and behaves like Yang-Mills theory on M 4 x S 2 . 
We find a truncated tower of fermionic Kaluza-Klein states transforming 
under the low-energy gauge group, which is found to be either SU(n), or 
SU(n\) x SU{n2) x i7(l). The latter case implies a nontrivial {7(1) flux on S 2 , 
leading to would-be zero modes for the bifundamental fermions. In the non- 
chiral case they may pair up to acquire a mass, and the emerging picture is 
that of mirror fermions. We discuss the possible implementation of a chirality 
constraint in 6 dimensions, which is nontrivial at the quantum level due to the 
fuzzy nature of the extra dimensions. 
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1 Introduction 

The idea of unification of interactions in higher dimensions is central for many modern 
developments in the theory of elementary particles and fields, going back to Kaluza-Klein. 
Recently, a surprising new twist has entered this programme: It was found that extra 
dimensions can arise effectively within a 4-dimensional renormalizable gauge theory, as an 
effective description valid up to some energy scale. This has become known under the name 
of deconstruction [1]. 

A strikingly simple realization of the idea of a spontaneous generation of extra dimen- 
sions was given in [2], inspired by an earlier work [3]. Since we will extend this model here, 
we briefly recall the main features of [2]. The model is simply G = SU (Af) Yang-Mills the- 
ory on M 4 for some generic (large) M G N, with 3 scalars in the adjoint of G transforming 
as vectors under a global SO(3) symmetry. It turns out that adding the most general renor- 
malizable potential leads to SSB and to the formation of an extra-dimensional fuzzy sphere 
via the Higgs effect. The unbroken gauge group is generically K = SU(rii) x SU (n 2 ) x £7(1), 
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or possibly K = SU{n). The gauge fields on Sjf arise from fluctuations of the £u(7V)-valued 
scalar fields which form the extra-dimensional sphere. For energies less than Aqd = 
the appropriate description of the model is then as Yang-Mills theory with gauge group K 
on M 4 x Sfj. Here R is the radius of the internal fuzzy sphere, which is determined (along 
with the other low-energy parameters including n.1,712) by the coupling constants of the 
model. This interpretation was confirmed by the full harmonic analysis, i.e. by recover- 
ing precisely the expected Kaluza-Klein modes, up to the cutoff A 6D . Above that energy 
scale, the model again behaves like a 4D gauge theory, thus maintaining renormalizability. 
The main features of compactification on higher dimensions are hence realized within the 
framework of renormalizable 4D field theory. 

This dynamical or spontaneous generation of extra dimensions is of course strongly 
suggestive of gravity. Indeed, the results of [4] allow to understand this mechanism in 
terms of gravity: the scalar potential defines a matrix-model action which - using a slight 
generalization of [4] - can be interpreted as nonabelian Yang-Mills coupled to dynamical 
Euclidean gravity in the extra dimensions. 

In the present paper, we add fermions to this model, and work out their effective 
description from both the 6D and 4D point of view. In particular, we show how to obtain a 
model which has an effective description as Yang-Mills theory on M 4 x Sfj, with fermions 
coupling appropriately to the 6D gauge fields and transforming under the unbroken gauge 
group SU(ni) x SU(n 2 ) x U(l) resp. SU(n). 

In order to make renormalizability manifest, we start again from the 4D point of view, 
and add fermions transforming appropriately under the symmetries of the bosonic sector. 
Renormalizability strongly restricts the possible Yukawa couplings between the fermions 
and the scalar fields. We then determine whether the fermions acquire the expected action 
for the effective 6-dimensional space M 4 x S%. 

We first show in section 13.11 that adding a "minimal" set of fermions does not lead to 
the desired 6D behavior. However upon doubling the set of fermions, the appropriate 6D 
picture is indeed found. As shown in detail in section 13.21 the effective description is that 
of Dirac fermions on M 4 x S 1 ^. This is confirmed by explicitly identifying all Kaluza-Klein 
modes on S%, and determining their masses in the effective 4-dimensional description. 

The (generic) case of the low-energy gauge group SU{n\) x SU(n 2 ) x £7(1) is particularly 
interesting. The extra-dimensional sphere then automatically carries a magnetic flux, which 
couples to the fermions transforming in the bifundamental of SU{n\) x SU{n 2 ). According 
to the index theorem, this implies that these fermions have zero modes, which are expected 
to become precisely the massless fermions from the 4D point of view. This conclusion is 
only true for a chiral 6D theory; in the non-chiral case, two such "would-be zero modes" 
with opposite chirality can form a massive Dirac fermion. 

We study the above mechanism in the present model in section 13.41 The expected 
(would-be) zero modes are indeed found, in agreement with the theoretical expectations. 
However since the fermions behave like Dirac fermions on M 4 x S 2 N , these would-be zero 
modes indeed acquire a mass unless some fine-tuning is imposed. One would therefore like 
to impose a chirality constraint on the fermions. This is difficult here, because the chirality 
operator on the fuzzy sphere is a dynamical operator depending on the scalar fields. While 
a chirality constraint can be imposed on the classical level, its implementation on the 
quantum level is not clear. Therefore we arrive at a picture of "mirror fermions", where 
each chiral fermion has a partner with opposite chirality and quantum numbers. Such 
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models have been considered from a phenomenological point of view in [5]. 

The model shows some intriguing features hinting at a simpler structure at high ener- 
gies. In particular, we discuss in section H] an extended SU{2Af) structure which naturally 
accommodates both the bosonic and the fermionic matter. It also suggests a natural way 
of obtaining a chiral model, using essentially projector- valued fields. Nevertheless its con- 
sistency at the quantum level (i.e. renormalizability) is not clear, and at present it is meant 
mainly as a stimulation for further research. 

There are many possible generalizations and variants of the model discussed here. In 
particular, we discuss in section [6] a possible mechanism for further symmetry breaking 
using so-called fluxons on Sfj, which are non-classical, topologically nontrivial solutions of 
gauge theory on Sfj. Generalizations to other fuzzy internal spaces may allow to obtain 
chiral models. It is also interesting here to recall the analysis of [6], where the spectrum 
of the standard model has been related to the zero modes of the Dirac operator on other 
fuzzy spaces; the generation of a nontrivial index on S% has also been discussed in [7,8]. 
Finally, a similar supersymmetric model for spherical deconstruction has already been given 
in [9] . However, the remarkable mechanism in our model for selecting a single vacuum with 
particular unbroken gauge group out of the vast number of possibilities is lost there, and a 
SUSY version preserving this mechanism would be very desirable. 



2 The bosonic action 

We start by recalling the definition and main features of the model in [2]. Consider the 
SU(J\f) gauge theory on 4-dimensional Minkowski space M 4 with coordinates y fl , /i = 
0, 1, 2, 3, with action 

Sym = j d 4 yTr (± F^F^ + (D^D^ - V{<f>). (1) 

Here are su(7V)-valued gauge fields, = <9 M + [A^, .], and 

<f> a = -<fi, a = 1,2,3 (2) 

are 3 traceless antihermitian scalars in the adjoint of SU(J\f), 

<t> a - WfaU, (3) 

where U = U(y) G SU(N). Furthermore, the a transform as vectors of an additional 
global 50(3) resp. SU(2) symmetry. V(4>) is of course the most general renormalizable 
potential invariant under the above symmetries, which can be written as 

V((f)) = Tr (gi(f)a4>a4>b4>b + 92(f>a<j>b<j>a<j>b - 93£abc4>a4>b4>c + #4<?Wa) 

+ j| Tri^TriMb) + ^Tr(0 a 6 )Tr(0 a b ) (4) 
= Tr (a 2 ^ a( p a + b I) 2 + j 2 F\ b F ab J + A g ab g ab (5) 
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for suitable constants a,b,g } h } dropping a constant shift. Here 

Fab — [^a, 4>b] ~ ^abc'Pc = £ a b C F c , 

b = b+ -^Tr(0 a a ), g a b = Tr(<fi a (f) b ). (6) 
We also performed a rescaling 

<j>' a = R<t> a , R=^ } (7) 

where has dimension of length; we will usually suppress R and drop the prime. Here 
b = b(y) is a scalar field, g a b = g a b{y) is a symmetric tensor field under the global SO (3), 
and F ab = F ab (y) is an su(A/")-valued antisymmetric tensor field which will be interpreted as 
field strength on the spontaneously generated fuzzy sphere. In this form, V(<ft) looks indeed 
like the action of Yang-Mills gauge theory on a fuzzy sphere S% [10-12]. In particular, the 
term (0 a a + 6) 2 is necessary for the interpretation as a pure YM action on S"^ involving 
only tangential gauge fields, and it determines and stabilizes a unique vacuum. 

It is easy to see that at one loop, the parameters R,a, g, d and h are logarithmically 
divergent, while b and therefore b is quadratically divergent. The gauge coupling g is 
asymptotically free. A full analysis of the RG flow of these parameters is complicated by 
the fact that the vacuum and the number of massive resp. massless degrees of freedom 
depends sensitively on the values of these parameters, with different effective description 
at different energy scales. This will be discussed next. 



2.1 The minimum of the potential and SSB 

The mechanism for the generation (or deconstruction) of extra dimensions in this model 
is based on spontaneous symmetry breaking and the ordinary Higgs effect. We first have 
to determine the vacuum, i.e. the minimum of V(<f)). This vacuum turns out to have a 
geometric interpretation as M 4 x Sfj, breaking 577 (AT) down to a smaller gauge group. 
The geometric interpretation is confirmed using harmonic analysis, i.e. identification of the 
Kaluza-Klein (KK) modes. The Higgs effect then induces the appropriate masses of the 
higher Kaluza-Klein modes of the fuzzy sphere Sfj. 

To determine the minimum of V(<fi) (0) turns out to be a rather nontrivial task, and 
the answer depends crucially on the parameters in the potential. The potential is positive 
definite provided 

2 

a 2 > 0, — > 0, h > 0, (8) 

g 2 

which we assume in the following. For suitable values of the parameters in the potential, 
we can immediately write down the vacuum. Assume h = for simplicity. Since V(<j)) > 0, 
the global minimum of the potential is then certainly achieved if 

Fab = [4>a, 4>b] ~ £abc4>c = 0, -<Pa<Pa = b, (9) 

because then V(<fi) = 0. This implies that (fi a is a representation of SU(2), with prescribed 
CasimiiQ b. These equations may or may not have a solution, depending on the value of 

1 note that —cf>-(j) — (j)' i -(j)>0 since the fields are antihermitian 
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b. Assume first that b coincides with the quadratic Casimir of a finite-dimensional irrep of 

SU(2), 

b = C 2 (N) = \(N 2 -1) (10) 
for some N G N. If furthermore the dimension M of the matrices a can be written as 

Af = Nn, (11) 
then clearly the solution of ([9]) is given by 

a = If ® t n (12) 

up to a gauge transformation, where Xa denote the generator of the iV-dimensional irrep 
of SU(2). This can be viewed as a special case of (fl4"|) below, consisting of n copies of the 
irrep (N) of SU{2). 

For generic b, ([9]) cannot be satisfied. The exact vacuum (which certainly exists since 
the potential is positive definite) can be found by solving the "vacuum equation" W- = 0, 

a 2 {0 a , • + b + Tr(0 • + 6)} + ^g a b<Pb + ^ (2[F ab , 6 ] + F fec e afec ) = 0, (13) 
where • = a a . 

The general solution of ( [TBI is not known. However, it is easy to write down a large 
class of solutions: any decomposition of M = n\Ni + ... + rihNh into irreps of SU(2) with 
multiplicities rij leads to a block-diagonal solution 

a = ^(axX^,...,^^)) (14) 

of the vacuum equations ( [TBI) , where a» are suitable constants which are determined by the 
equations of motion. We can expect that this Ansatz indeed contains the true vacuum at 
least for a reasonable range of parameters, because it is known to reproduce all standard 
"commutative" solutions of YM on S 2 [10,13]. It turns out that only 2 cases occur: 



Type I vacuum. Let iV be the dimension of the irrep whose Casimir C^iV) w b is closest 
to b. If furthermore the dimensions match as M = Nn, we expect that the vacuum is given 
by n copies of the irrep (N), which can be written as 

<j> a = aX^®t n . (15) 

This is a slight generalization of (I12p . with a being determined through the vacuum equa- 
tions ( [TBI . A vacuum of the form (1151) will be denoted as "type I vacuum". As explained in 
detail in [2], it should be interpreted as a spontaneously generated extra-dimensional fuzzy 
sphere S 2 Nl where x a ~ jr are the coordinates of S% ( 11491) . This is confirmed using 
harmonic analysis, i.e. by decomposing all fields into the correct harmonics on M 4 x S 2 ^. 
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Type II vacuum. In the generic case, the vacuum is expected to consist of several 
distinct blocks. This necessarily happens if Af is not divisible by the dimension of the irrep 
whose Casimir is closest to b. Assuming that N = + 1 is large, it was shown in [2] 
that the solution with minimal potential among all possible partitions ( THl) is given either 
by a type I vacuum, or takes the form 

, / ai X { a Nl) ®t ni \ 

V a 2 X y a <g> 1„ 2 J 

as long as the integers iVi,JV 2 satisfy § « 1 and of course Af = N\ni + N 2 n 2 . Furthermore, 
the vacuum turns out to satisfy 

iV 2 = iVi + 1, (17) 

with uniquely determined Ni and rij. A vacuum of the form ( [161) will be denoted as "type 
II vacuum", which is the generic case. Using a rather robust convexity argument [2], one 
can show that more than 2 different types of blocks Ni do not occur for the vacuum. 

6D interpretation As shown in [2], the fluctuations of the scalars or "covariant coordi- 
nates" 

a = aX a + A a (18) 

together withe the gauge fields provide the components of a 6D gauge field A M = 
(Afj,,A a ) on M 4 x S^. The effective action from a 6D point of view is that of Yang- 
Mills on M 4 x S% with gauge group SU (n) for the type I vacuum, and with gauge group 
SU(n\) x SU{n 2 ) x U(l) for the type II vacuum. The latter comes with an induced £7(1) 
magnetic monopole on Sfj with monopole number k = N\ — N 2 , hence k = 1 according to 
the above analysis. The radial components of the fields 0j on S 2 are very massive due to 
the term (4> a 4>a + bt) 2 , and not visible at low energies. 

Fluxons There is a further type of solutions to the equations of motion (fiU]) . known 
as fluxon in the context of noncommutative gauge theory. It is given by (one or several) 
one-dimensional blocks of the form 

<j) a = c a eiR (19) 

corresponding to a vector c£ IR 3 . Its length c 2 = Yl a c a ~ ~b is determined by the e.o.m., 
minimizing the potential. Since the term (0 a 0a + bl) 2 dominates assuming that a 2 m j^, 

such a fluxon block contributes typically Sfi uxon « J^c 2 ~ ^ A^ 2 to the action through 
the field strength. This is large compared to the "regular" solutions of type I and type II 
vacuum, and was therefore not considered any further in [2]. Nevertheless this may play a 
role for relatively small Af, and the possibility of off-diagonal terms as discussed in section 
|6] justifies further consideration. There exist further solutions to the equations of motion 
( TT3j) . which are however strongly suppressed and not expected to be relevant here. 
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3 Fermions 



We now want to add fermions to our model (CQ). In order to ensure renormalizability we 
start with the 4-dimensional point of view, and write down the most general renormalizable 
Lagrangian compatible with the symmetries. The fermion content and their transformation 
under the symmetries of the above model are chosen such that they have a chance to behave 
like 6-dimensional fermions in the vacuum corresponding to M 4 x £ 2 . 

Let us briefly summarize the main steps. We start with the minimal case of adding 4D 
Weyl spinors in the adjoint of SU(J\f) which transform as a doublet of the global SU(2) 
symmetry. However, it turns out that no 6-dimensional behavior is found, more precisely 
no kinetic term arises in the extra dimensions. 

This problem will be cured by adding a second doublet of 4D Weyl spinors. The most 
general renormalizable Yukawa interaction then naturally leads to the Dirac operator on 
the spontaneously generated fuzzy sphere, and the effective description is indeed that of a 
Dirac fermion on M 4 x Sjj. In fact, the requirement of renormalizability uniquely singles 
out the "standard" Dirac operator on Sjj [14] rather than any of the other candidates that 
have been proposed in the literature. 

The KK-modes and the low-energy properties of the fermions depend of course on the 
vacuum. In a type I vacuum, the fermions live in the adjoint of the unbroken SU(n) gauge 
group, and no zero modes are found. In a type II vacuum, the fermions couple to the 
unbroken SU^n^ x SU{n 2 ) x Z7 (1) gauge group, and the off-diagonal block components 
^> 12 and \l/ 21 then transform in the bifundamental (rii) x (n 2 ) resp. (ni) x (n 2 ) of SU(rii) 
and £77(712), with opposite charge under the £7(1). Therefore they feel the £7(1) magnetic 
monopole which is induced in that vacuum [10], with opposite charge. The index theorem 
then applies, and guarantees the existence of "would-be zero modes" for the chiral com- 
ponents of \I/ 12 and \I/ 21 . Nevertheless, they may pair up and acquire a mass because the 
model is non-chiral. 

Imposing a chirality constraint corresponding to chiral fermions on M 4 x £^ turns out to 
be difficult. On the level of the effective action, we discuss 2 possible chirality constraints, 
which imply the existence of k exact chiral zero mo des^ as expected in a background with 
magnetic charge k. However, the problem is that the chirality operators on £^ necessarily 
contain the dynamical fields <ft a which define the extra dimensions, and this operator has a 
clear meaning only in or near the geometric vacua. Therefore the implementation of such a 
chirality constraint on the quantum level is highly nontrivial, and we are not able to define 
a renormalizable model which describes chiral fermions on M 4 x Sfj. Accordingly we have 
a doubling of modes, and the would-be zero modes may pair up to become massive Dirac 
fermions from the low-energy point of view. This leads to a situation analogous to the 
"mirror fermions" [5]. 

The commutative case: fermions on M 4 x £ 2 We first recall the classical description 
of fermions on M 4 x £ 2 , formulated in a way which will generalize to the fuzzy case. This 
is done using the embedding £ 2 M. 3 based on the 7-dimensional Clifford algebra 




(20) 



2 the dynamically preferred vacuum was shown to have k = 1 in [2] 
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Here a a , a = 1,2,3 generate the 2-resp. 3- dimensional Clifford algebra. The T A act on 
C 2 (g> C 4 and satisfy (T A y = r/ AB T B where r\ AB = (1, — 1, — 1) is the 7-dimensional 
Minkowski metric. The corresponding 8-component spinors describe Dirac fermions on 
M 4 x S 2 , and can be viewed as Dirac spinors on M 4 tensored with 2-dimensional Dirac 
spinors on S 2 M 3 . We can define a 2-dimensional chirality operator \ locally at each 
point of the unit sphere S 2 by setting 

X = x a a a , (21) 

which has eigenvalues ±1. At the north pole x a = (0, 0, 1) of S 2 this coincides with 
X = —ia l a 2 = a 3 , as expected. This can be understood as usual in terms of a comoving 
frame, adding a unit vector which is perpendicular to S 2 . The action for a Dirac fermion 
on M 4 x S 2 can then be written as 

S eD = j d 4 y j dil ^ D (i-fdp + 2 75 V>{2) + m) * D , (22) 

M 4 S 2 

where 

flm^D = [o a L a + 1)$ D (23) 

is the Dirac operator on S 2 in "global" notation. Here L a = ie a b c Xbd c is the angular 
momentum operator, and the constant 1 in fl2"3l ensures {p^),x} = and reflects the 
curvature of S 2 . This is equivalent to the standard formulation in terms of a comoving 
frame, but more appropriate for the fuzzy case. 

Chiral (Weyl) spinors \I/± on M 4 x S 2 are then defined using the 6D chirality operator 

r = 7sX, (24) 
and satisfy r\&± = ±^/±. They contain both chiralities from the 4D point of view, 

*± = (0,1;±) + (1,0;t), (25) 

where (0, 1; ±) denotes a Weyl spinor ip a on M 4 with eigenvalue ±1 of x, an d (0, 1; =f) a 
dotted Weyl spinor ijf on M 4 with eigenvalue =)=1 of x- These components are of course 
mixed under the 6-dimensional rotations. 

Majorana spinors on M 4 x S 2 satisfy = C\& where C is the 6D charge conjugation 
operator given by 

C = i l2 a 2 (26) 

which satisfies 

CT A C~ l = -(T A y. (27) 
3.1 Minimal Weyl fermions. 

Consider now our 4-dimensional model ([TJ), and let us try to include a doublet of chiral 
4-dimensional Weyl spinors 
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which transforms in the fundamental representation of the global SU{2) acting on the 
index i. Since we want them to behave like spinors on M 4 x S 2 Nl the ipi ya {y) must be 
M x M matrices; furthermore, since the kinetic term on S 2 N can arise in our model only 
through commutators [(pi, .] they must transform in the adjoint of SU(J\f). In particular, 
the anomaly then vanishes. Fermions in the fundamental of SU(J\f) are therefore not 
considered here. 

Thus the ipi,2{y) are (Grassmann- valued) Weyl spinors which transform under SU(Af) 
as if>i(y) — > U(y)^ipi(y)U(y). Then the kinetic term of the action is 



S K = Jd i yTr&i'f(d lt +[A lt ,.])* = j ' d 4 yTr (^^af "(^ + [A„ .])^ 



(29) 



which is invariant under all the symmetries. It is easy to check that the gauge sector is 
asymptotically free. Furthermore we should add mass terms and Yukawa couplings, which 
will lead to Dirac and chirality operators on the fuzzy internal space Sfj. Renormalizability 
excludes terms with more than one scalar field <p a . To preserve Lorentz invariance, these 
term must include 2 unconjugated (or 2 conjugated) spinors. The only possible mass term 
is 

S m = J d%Tr^ a e a!i e ij mi\) i3 + h.c. = 0, (30) 

which vanishes due to the Grassmann nature of the spinors (this will no longer true once 
we double the fermions in Section I3T2I) . However, there exist a non-trivial renormalizable 
Yukawa interaction 

S Y = j d%Tr^ a e afi e % \o a y k <\> a ^ + h.c. (31) 
£^K)/ = e^(a a )/ (32) 



Using 
it follows that 



TrVve^Va)/^^ = Tr^e^iaj/iP^a. (33) 

Therefore (|3Ti) is in fact the most general renormalizable Yukawa interaction, which can be 
written as 

Sy = \J + h - c - (34) 

This involve the fuzzy chirality operator ( 1391) on Sjj as discussed below. On the other hand, 
the analogous term involving the fuzzy Dirac operator (!38l) on vanishes, 

Tr^ a e^e^{a a ) k [i<p a ^ k ^} = 0. (35) 

Therefore no 6-dimensional behavior is found. This will be cured in the next section. 

3.1.1 Dirac operator and chirality on the fuzzy sphere. 

We collect here the main facts about the "standard" Dirac operator on the fuzzy sphere [14], 
which is given by the following analog of ( 123]) 



{2) V = a a [iX a ,y] + V, (36) 
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where [X a ,X fe ] = e abc X c generate the fuzzy sphere as explained in appendix 2; recall that 
X a is antihermitian here. 1pm acts on 2-component spinors 

* = ( t V (37) 



For spinors in the adjoint of the gauge group, the generators X a are replaced by the 
covariant coordinates a , and the gauged Dirac operator is 

#(2)* = <T a [i0 a ,tf] + tf 

= <7 a [i0 a ,¥] + {i0 o ,tf}. (38) 

Here we introduce O = — f f° r later convenience. This operator will arise automatically in 
section l3~2l singled out from other possible fuzzy Dirac operators [15-17] by the requirement 
of renormalizability. For the time being we focus on the simplest case ( TT5l) . 

There exists no chirality operator which anticommutes with ft( 2 ) an d has eigenvalues ±1; 
this follows from the spectrum of ftp), which will be determined below (1521) . Nevertheless, 
there is a clear notion of approximate chirality for a given vacuum at least for the low-lying 
modes: consider the covariant operator [14] 

X(^) = ^Va{i<l>a^} (39) 

= ^K{z0 a ,M/} + [z0 o ,^]) (40) 

which is invariant under the global SU(2). To see this, the extended notation 

$ = <\> a o a + <p a° (41) 

of section H] is convenient. Then using 

(N X +fl { 2))y = 2i((7 a a + Q )f = 2im, (42) 
(N X ~ #(2))« = 2z(t7 a *0 a - *0o) (43) 

it follows that 

2N{l/) {2) x + X #(2))* = -4[(0a0a + 0o0o, *] - 2ia a e abc {F bc , ^} (44) 

and thus 

i 2 

(P(2)X + X V>(2))y = —ft Vae ab c{F bc , ^} - — l(4> a 4>a + 0O0o), *] (45) 

which is approximately zero, and exactly zero for F — 0. Moreover, x 2 « —-^(fi^ oc 1 
using ( 1391) . at least for low modes. Therefore x plays the role of a chirality operator 
on the fuzzy sphere [14]. This can be understood by considering e.g. the north pole 
(x\ ~ x 2 ~ 0,x 3 ~ i?) of Sjy-, where the tangential Clifford algebra is generated by <j\ and 
cr 2 ; then x « 2(Xio~2 = 03. In particular, (|42|) implies that for low modes, x can be replaced 
by 

2% , . 

~ (46) 
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The rhs of (I46p thus provides an interesting alternative definition of chirality on S"^, which 
is related but not identical to the Ginsparg- Wilson approach [17]. 

The relation (Ho"]) implies as usual that the eigenvalues E n> ± come in pairs with opposite 
sign, except for simultaneous eigenvectors of of \ and p( 2 ) where either \ or P{2) vanish. 
Indeed, note that cr a e a bc{Fb c , \&} oc f° r an Y °f the vacua under consideration here; 
therefore x^ is an eigenvector of p{ 2 ) for any eigenvector \1/ of P<2)- This will be worked 
out explicitly below, and is related to a fuzzy index theorem. 

We note the following identities using 



Tr^e^e^iP^')^ = -Tr^e^e^(P {2) ^) ha = Tr(p {2) ^) ha e^e^^ (47) 

and 

TrVv^^xVO^ = Trij^ a e i ^x^)k, a = -Tr(x^k a e a ^^ij' hf3 . (48) 

Therefore spinor harmonics ipi ta and a can have a nontrivial pairing only if they have the 
same eigenvalue of pp) and the opposite eigenvalue of x (if applicable). Further, observe 
that ( 1351) amounts to 

Tr^e^e^iP^^^O, (49) 
i.e. the fuzzy Dirac operator drops out, and the Yukawa coupling (jUj) can be written as 



Sy = ~T / d4 y Tr ^ £ ^ £l3 M)j,(3 + h.c. (50) 

Therefore this model does not have the desired 6D limit. This will be corrected below by 
doubling the fermions, in which case the Yukawa coupling indeed induce the fuzzy Dirac 
operator. But before doing that, we determine the spectrum of pr 2 ). 

3.1.2 The spectrum of pr 2 \ in the type I vacuum. 

Since pt 2 \ commutes with the SU{2) group of rotations, the eigenmodes of pr 2 \ in the type 
I vacuum ( floT) are obtained by decomposing the spinors into irreps of SU (2) 

^ G (2)®(JV)®(JV) = (2)®((l)©(3)e...e(2iV-l)) 
= ((2) © (4) © ... © (2iV)) © ( (2) © ... © (2JV - 2)) 

=: ( *+.(n) © *-,(n))- (51) 

This defines the spinor harmonics ^±,(n) which live in the n-dimensional representation of 
SU (2) denoted by (n) for n — 2, 4, 2N, excluding $_ i ( 2 iv). The eigenvalue of acting 
on these states can be determined easily using some SU{2) algebra, see appendix 2: 

#(2)*±,(n) = E s=±An) * ±>(n) , (52) 

where 

_ a f n, 6 = 1, n = 2,4,...,2iV 

^=±>M ~ 2 1 -n, * = -l, n = 2,4,...,2iV-2 (53) 
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assuming a ~ 1: this is exact for a = 1. We note that with the exception of ty + r 2 m, 
all eigenstates come in pairs (^ +t (n),^- t (n)) for n = 2, 4, 2N — 2, which have opposite 
eigenvalues ±fn of -^(2)- They are interchanged through x, 



for some c ~ 1, by virtue of the anticommutativity relation fj43|) . The chirality operator 
for the top mode vanishes, x(^+,(2N)) = 0. 

3.1.3 The spectrum of m a type II vacuum. 

Consider now a type II vacuum (fl6l) . 

ai Xf®Il m \ 

a 2 X^» <g> 1„ J ■ t&5j 

We decompose the spinors according to this block-structure as 

* <= U? *?J (56) 

for i = 1,2. The analysis for the diagonal blocks is the same as before, and they describe 
fermions in the adjoint of SU(ni) resp. SU(n 2 ). The off-diagonal blocks however describe 
fermions in the bifundamental (rii) x (n 2 ) of SU(rii) x SU(n 2 ), and those will provide 
the interesting low-energy sector. For the moment we ignore the extra SU(rii) structure. 
Assuming Ni ^ N 2 , their decomposition ( 15TT) into irreps of the global SU{2) now reads 

*f G (2) ® (JVi) ® (iV 2 ) = (2) ® ((1 + |JV a - iVi|) © (3 + |JV 2 - A^) © ... © (JVi + iV 2 - 1)) 

((|iV 2 - JVi| + 2) © (|JV 2 - JV X | + 4) © ... © {N x + N 2 )) 
®{{\N 2 -N x \)@ (\N 2 - N t \ + 2) © ... © (Nt + N 2 - 2)) 

=: (*i 2 i(n) © ^ 2 (n) ) (57) 

defining the spinor harmonics *&±f n ) which live in the representation (n) of SU(2). A 
similar decomposition holds for \I/ 21 G (2) © (iV 2 ) © (iVi). Then the spectrum of P(2) for 
\1> 12 can be worked out as in appendix 2. 

For simplicity, we focus here on the (would-be) zero modes, which can be worked out 
very easily and is the most interesting sector from the low-energy point of view. They are 
by definition the lowest modes ^i 2 ^) i n the decomposition ( 1571) of \I/ 12 , where k = \N\ —N 2 \ 
corresponds to the magnetic flux induced in this type II vacuum. It follows immediately 
from (P(2)X + X P(2))^ = O(jj) that they are exact or approximate zero modes of P( 2 ) 
(up to 0(jr) corrections); this can also be checked directly. These are precisely the k zero 
modes expected from the index theorem in a monopole background with flux k. 

The chirality x for the would-be zero modes can be determined easily. To this end, note 
that they live in the subspaces 

^ 2 (fc) G (N + k-l)®(N)c((2)®{N + k))®(N), 

^ 21 ;(fc) G (N+l)® {N + k) C ((2)® (AT))® (N + k). (58) 
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Note that this involves the "anti-parallel" resp. "parallel" tensor product for the first 2 
factors. Therefore $ = cr a (p a + <p l rs — y if acting from the left on ha , and $ ~ + y if 
acting on ^i 2 /^- Since $ L agrees with x up to 1/N, it follows that 

The chirality can be computed more generally using (11591) . 



3.2 Doubling the fermions 

The fact that we did not arrive at the expected 6-dimensional description of fermions in 
the previous section can be understood as follows: Usually, in order to introduce fermions 
in 4+2 resp. 4+3 dimensions one starts with the 6- resp. 7-dimensional Clifford algebra 

r A = (p^p*) = (1 ® y , o- tt ® i T5 ) (60) 

which act on C 2 <8> C 4 and satisfies (T A y = rj AB T B where r/ AB = (1, —1, —1) is the 7- 
dimensional Minkowski metric. This corresponds to 4-dimensional Dirac fermions tensored 
with 2-dimensional Dirac fermions. The 6D chirality operator is given by 

T = 75X, (61) 

where x = —i>&i<J2 = 03- In particular, 6-dimensional chiral fermions necessarily contain 
both chiralities from the 4D point of view. In order to reproduce this in our model, we 
should therefore start with 4D Dirac fermions, i.e. double the Weyl fermions introduced 
above. Hence consider a doublet of Weyl fermiong^] ipi ra (y) for r £ {1, —1} in the adjoint 
oiSU(J\f), 

* = ( t i,1;Q ) = ( Pl ' a ) ■ (62) 



1 1. a 



They transform as a doublet under SU(2)r acting on the r £ {1, —1} indices, which may 
or may not be a symmetry of the action. This SU(2)r contains in particular the U(1)r 
symmetry 



Pi,a \ iaR ( Pi,a \ / 6 Pi,a 



e mH Ht ' a = _J l ' a (63) 

Vi,a J \ Vi,a J V. e %<* J 

which prevents self-couplings. This will later be identified as "vector" U(l) charge, with 
generator 

« = ( o -°i ) - < 64 > 

The only non- vanishing mass term is 

S m = J d A yTrm'ip ijr>a e a(3 € ij e rs ip jiS>f3 + h.c. (65) 

since any symmetric combination vanishes. Here m! might be complex, which will be 
important below. Note that this term is automatically invariant under the global SU(2)r. 



5 It is easy to check that the gauge sector remains to be asymptotically free. 
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Now consider the Yukawa couplings. Using (1331) and the above definitions, the most 
general Yukawa interaction can be written as 



Sy = J d'yTr (Vi,r,«e^e r '(e(^ (2) - lty + /^#) & , Sj/3 

+(hiPi,a{xp)j,/3 + h 2 r)i ia (xv)j,i3) £ap£%J ) + h.c. (66) 

for constants e,f,hi. Imposing the "vector" U(1)r invariance implies hi = h 2 = 0, while 
imposing the full SU(2)r symmetry implies / = hi — 0, leaving the shifted Dirac operator 
{Tp(2) — 1 ) on the internal sphere as only possible Yukawa interaction. We will first consider 
the SU(2)r - symmetric case, and postpone the general case to section [331 Redefining the 
mass parameter m' = m + e, we thus obtain^ 

S Y + S m = J ^Tr^/^e^efe^m^^^ + h.c. (67) 

Including ip in the extended formalism of section H] naturally suggests that m = 0, but we 
cannot strictly rule out a bare mass term at this point. 



Kinetic term The kinetic term of the action is as in (T29 



S K = J d A yTr^ia^d, + [A^.])^ = J d 4 yTr {^ r Ji{a»)W{d» + [A^])^ r} p 



(61 



which is invariant under all the symmetries. We will now show that the combined action 
Sk + Sy + S m is naturally interpreted as a 6D action for a Dirac fermion on M 4 x S 2 , which 
at low energy behaves like a compactified 4D action on M 4 . 

3.2.1 Effective 6D Dirac fermion 

We can combine the r = 1, 2 components of the 4 Weyl fermions fl62|) into a Dirac fermion, 



Then the kinetic term can be written as 



Sk = J d 4 yTr^ D i^(d„ + [A^ .])tf D 

d'yTr Ui(W^(d„ + [A^, .])p p + (tVi^Uld, + [A„ .])/), (70) 



where 

acts as usual on the Dirac spinors (1691) . The hermitian extensions of the mass term (l6"5i) 
with complex mass can be written as 

S m = \ d A yTr(m-im)p^Jf + (m + im)r\^ p a = d A yTr^ D (rh + ij 5 m' )V D . (72) 



'more precisely ml = m + -4; recall that we dropped the radius parameter R 



14 



Note that / d 4 yTr^ D i^ D will become part of the Dirac operator. Furthermore, using 
(14"7|) we have 



d'yTr^^e^ifl^^ = J d A yTr{t) ] iiP m p* 

d 4 y Tr Vi^e* V a i V>^ %iw (73) 



/ 



and the Yukawa couplings (l6"oT) in the S77(2)_r -symmetric case can be written as^| 

5y = e y Arr* D i 7 5^(2) - = e y d 4 yTr (p^ (2) - l)rf - (rfM$>(2) ~ • 

(74) 

The SU(2)r symmetry is now hidden but still holds due to Grassmann antisymmetry. In 
particular, note that 7 5 = ^ g ^ J = R (E3D ensures hermiticity, since 

(jd^Trpli^rf^ = -Jd 4 yTr(rf)^^2)P a - (75) 

Writing again m' = m + e, we obtain 

S K + S Y + S m = S 6D = J d 4 yTr^ D (i^(d^ + [A^ .]) + ei 75 p (3) +m + ij 5 m) ^ D 

= J d 4 yTr^ D (p (6) +m + ij 5 m)^ D . (76) 

Thus apart from the 2 distinct mass parameters, the fermionic action (ITS"]) can indeed be 
interpreted as gauged Dirac operator on M 4 x S%. Note again that this is a result, which 
was not imposed on the model in any way. We remark that the bare Dirac mass is expected 
to run only weakly, being protected by the (approximate) 6D chiral symmetry. 

3.2.2 Fermionic low-energy action and Kaluza-Klein modes 

To obtain the appropriate low-energy action in 4 dimension, we should organize the fermions 
in terms of the eigenmodes (1521) ip±r n ) of P(2), i-e. P(2)i>±,(n) = E n ^±ip±^ n y Consider first 
a type I vacuum. Then 

/ d 4 yTr^ D t l5 P (2) ^ D = j d 4 yTr J^ iE n,± (4(»},«^±,W " (^,(n))V±,(n),a) (77) 
using ( 1741) . 



\V±,(n)> ~ V±,(n);jP e £ > 
and the orthogonality of the eigenstates, which follows from 



d A yTr (flwtyPa = / d 4 yTr (rfV fl(2)P* (78) 



3 we can assume that e is real by rotating the phases of the fermions if necessary. 
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as well as J d A yTr (x(v a )YPa = / d 4 yTr (^ Q )^x(p Q ). Hence the fermions naturally pair up 
into 4D Dirac fermions as follows 

*^»»-te)* (79> 

and we obtain 

S Y + S m = e / (fyTr ^ (i E n,+ + m) #+,£>,(»)*+,£>,(«) + + m ) *-,©,(n)*-,A(n)) 

(80) 

dropping m for simplicity^. The sign of (E n> ± + m) is irrelevant and can be absorbed by a 
phase rotation of the negative eigenmodes. The kinetic term which can be written as 

f d 4 |/Tr ^(# +)D)(n) ^(d M + £^^ (81) 

and we obtain the expected KK tower of massive 4D Dirac fermions with masses 

ra±,D,n = e\E n< ± + m\ ^ (82) 

which are non-zero unless m is adjusted very particularly. In particular, there are no 
massless fermions even if the bare mass m = 0, since E ni ± ^ in the type I vacuum. This 
will change in the type II vacuum, as discussed in section 13.41 In particular note that also 
the top modes 

P+,(2N), V+,(2N) (83) 

form very massive Dirac fermions in 4D in the non-chiral case, and play no role at low 
energies. Their role in the chiral case is more subtle and discussed below. 

Another comment is in order. We recall from [2] that the effective radius of the internal 
2-sphere is given by r S 2 = ~ R, where g is the gauge coupling. According to ( 1821) and ( 1531) . 
the fermions see the effective radius 

r S 2 = -R, (84) 

e 

which differs in general from r^2 and depends on the Yukawa coupling e. This shows 
that the present framework provides in fact a slight generalization of the conventional 
compactification, in accord with the 2 mass terms found in (!76|) . 



3.3 Chirality and Kaluza-Klein modes 

We now want to impose a chirality constraint on M 4 x Sfj. The first attempt might be 
to impose = ^ using the 6D chirality operator T ( 16T1) . This is however not sensible 
because T 2 ^ 1. A consistent 6D chirality constraint could be 

f * = , (85) 
6 m would lead to an additional shift in the KK mass spectrum 
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where 

f = 7sX, X = X+ ~ X- (86) 

and x± denotes the spectral projectors on the positive and negative eigenvectors of %■ Then 
we can consider chiral 6D fermions which satisfy 

XPa = Pa, X^ = ~V a - (87) 

It is shown in appendix 2 that x{v a ) = ~XHa, hence this is equivalent to 

XPa = Pa, XVa = Va, (88) 

i.e. the same conditions apply to p and rj. The (would-be) zero modes of the type II vacuum 
and the top modes have multiplicity one, and are therefore either admitted or dismissed 
by this chirality constraint^. For the other eigenmodes of P{2), the chirality operator x 
exchanges the positive and the negative eigenmodes ( |54"1) . 

XP+,{n),a = Cp-,(n),a, XV+,(n),a = CV-,(n),a (89) 

for some c 7^ 0, or equivalently 

X~K,(n) = - C P-,(n), X%(n) = "^-.(n)- ( 90 ) 

This reduces the degrees of freedom by half, and 

*+.*.<») = ( ^ ) > = ( Zm ),a ) = Xl^ + ,D,(n). (91) 

Then the contribution of ^-,.0,(71) i n (EDj) coincides with the one from ^ +t D,(n), leading to 
a single multiplet of 4D massive Dirac fermions ^ r + ! z> ) („). Therefore in the 6D chiral case 
there is a single multiplet of 4D massive Dirac fermions ^+ > D,(n) with mass E n>+ , as opposed 
to 2 multiplets in the non-chiral case. However, there are no massless fermions in the type 
I vacuum. 



Alternative chirality operator There is an alternative possibility to define a chirality 
operator on the fuzzy sphere, which is related (but not identical) to the Ginsparg- Wilson 
approach of [17]. The basic observation is the following: consider the (antihermitian) 
2J\f x 27V matrix 

$ = 0o 1 2 + <Pa°a (92) 

with 0o = — I as in (11181) . It satisfies $ 2 ~ c 1 in and near any of the vacua of interest, and 
we assume that $ has no zero eigenvalue. We can thus define 

|z$| 

Then 

X'tf ;= (94) 



actually the top modes are discarded since % vanishes 
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is a good chirality operator for the fuzzy sphere, and we can impose the alternative 6D 
chirality constraint 

f '$ = 7s f $ = ^. (95) 

This is particularly natural if $ 2 = cl, which is an interesting constraint studied in the 
SU (2j\f)- extended formalism of section HI It is easy to see using ( H2i) that yf agrees with 
X on the low-energy modes. However, x leads to a problem with the top modes: 



Top modes Consider the top modes 

P+,(2N), V+,(2N) (96) 

in the chiral case. Their 2D chirality x vanishes identically, 

XP+,(2N) = 0, (97) 

which follows from (P@)X + X P(2))^ — 0{jf) combined with the fact that p^) = 0(N); 
this can also be computed directly. Therefore the chiral projection = \I/ removes these 
top modes. 

On the other hand, the alternative 6D chirality constraint (1931) gives x'p+,(2N) — P+,(2N) 
and the same for rj. This can easily be seen by noting that the top modes only contain the 
maximal spin as seen by the intertwiner <3>. Therefore the constraint F'ifj = \I/ preserves 
P+,(2N),a but excludes fj" , 2A q and hence r) +t (2N),a- The surviving P-,(2jv) cannot acquire any 
mass and hence form a large massless multiplet; indeed any self-coupling term 

Trp +X2N)tia e ij e alS p+^jp (98) 

vanishes identically. Since it does couple to the gauge field, such a large massless multiplet 
is not acceptable. This is a serious problem with the chirality projector f, which might be 
overcome by adding a second "mirror" copy of fermions. 



6D Majorana condition A fuzzy analog of the 6D Majorana condition = C^d 
amounts in the component form to 

Pi,a ?1i,a- (99) 

This leads to the minimal approach of section 13.11 which did not give the desired 6D 
interpretation. The reason appears to be again that the fuzzy sphere does see some trace 
of the embedding 3rd dimension, and therefore does not seem to allow a Majorana condition. 

3.4 Type II vacuum: zero modes and chirality 

In a vacuum of type f|T6l) . we decompose the spinors as 

/ $11 $12 \ 

according to ffTBT) . The analysis for the diagonal blocks ^> n , \l/ 22 is the same as before. In 
particular, there are no zero modes even if the bare mass term m vanishes. 
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The off-diagonal blocks however describe fermions in the bifundamental of SU(jii) x 
SU(n 2 ), more precisely \1/ 12 lives in (ni) x (n 2 ) of SU(n\) x SU(ri2), while \l/ 21 lives in 
(7T1) x (n 2 ). Their arrangement into Dirac fermions is as follows 

" v % ^ w&) f J " v (^) 12 J " v m 12 ) {W ) 

and similarly for noting that the block index 12 resp. 21 gets interchanged by the 
conjugation. The 4D chirality 75 is now manifest. The contribution of these off-diagonal 
blocks to the Yukawa can be written as 



S Y = ej d 4 yTr £ (X + (¥ +, A(n) ^ 2 A(n) + < D){n )^ ){n) ) + (•••)) • 



(102) 



n>0 

This is hermitian, 



J d'yTr^ 1 ^ = J d*yTr(^jl* 2 D = J d'yTr^ 2 ^ (103) 
In particular, (JTTj) gives 

Sy = ~e d 4 yTr ^iE ri: ± ((^±; ( " ) ) t P±,(n),a + (C,(n)) 1 >±,(n),«) + ^- c - 

n,± 

= -e / A Tr £ *£ n>± (»)J B) ^ (fl) ^ - p^)A^£(rO J, p) ^ + M">4) 

J n,± 

This makes explicit the SU(2) R symmetry acting on (p,T]). Recall that without this dou- 
bling, all diagonal KK modes would be massless. 

We now want to understand the low-energy sector of the model. 



Would-be zero modes: non-chiral case Let us focus on the (would-be) zero modes 
^- ' d (it)' ^-d (k) f° r k = Ni — N 2 , which determine the low-energy physics. The D , k \ 
provide k families of fermions transforming in (jix) <S> (n 2 ) of SU(jii) x SU(n 2 ). Similarly, 
the (would-be) zero modes ^ 2 _} D r k \ provides k fermions transforming in (ri\) ® (n 2 ) of 
SU(n\) x SU(n 2 ). In the non-chiral case, they are massless only if the bare mass vanishes. 

Consider the chirality of these modes. We have seen in (lolll) that they are eigenmodes 
of the 2D chirality operator with 

= = *-W)> ( 105 ) 

and it follows as usual that they are exact or approximate zero modes of P<2)- This is 
due to the monopole flux with strength k on the fuzzy sphere. We thus get 2 (almost-) 
massless Dirac fermions ^ 12 D r k \ and ^ 2 _} D ^ k y However, despite their special role there is 
nothing in the non-chiral theory which prevents them from acquiring a mass term of the 
form J Tr^ _ D ( k -fi> 2 } D , k y These terms are explicitly present in (11041) . and they vanish 
only if the bare mass vanishes. While this is natural in the extended SU(2N) formalism 
of section HI it is not forced by any symmetry and therefore amounts to some fine-tuning. 
This is why we call them "would-be zero modes" . 
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Moreover, even if these would-be zero modes are exactly massless, the low-energy theory 
is not complex, since every fermion in (jii) <8> (%) has a counterpart in the conjugate 
representation (712) ® (fla). We therefore find essentially "mirror fermions", which will be 
discussed below. 

Zero modes: chiral case Imposing the 6D chirality constraint T^d = —^d implies 
using (158]) and (1591) that ^} D r k \ i.e. p 2 } i k \ a and t^ 1 ^) a are discarded, since they have the 
wrong chirality. Then only p^n.\ a and V^(k) a surv i ve which both live in (rii) x (n 2 ) (or 
equivalently P°^(k) an d V°^\k) which live in (n 2 ) x (nj)), and there is no way to write down 
a mass term for these modes. Hence we have a doublet of exactly massless chiral fermions. 
This is the desired mechanism based on the index theorem. The reason for the doubling 
encountered here is that we started with Dirac fermions in the adjoint of SU(Af). 

In the case of unbroken gauge group SU(3) x SU(2), these zero modes could be inter- 
preted as k left-handed quarks (u, cI)l. The U(l) generator is oc (3^-, 3^-, 3^-, — — 2^r), 
which for large N% ~ N 2 is close to but different from the standard unbroken £7(1) as ob- 
tained e.g. from the SU(5) GUT. By extending^] the basic gauge group to U(J\f), one could 
obtain the more standard £7(1) generator (~, ~, — ^, — ^). Further prospects to obtain 
realistic models are discussed in section El 

Top modes Consider now the top modes 

P-,(Ni+n 2 ), V-,(Ni+n 2 ) (106) 

for the type II vacuum. In the non-chiral case, these top modes form very massive Dirac 
fermions in 4D which play no role at low energies. 

In the chiral case, the same remarks as for the type I vacuum apply to the diago- 
nal blocks, leading to large massless multiplets in the case of the T' projector. The off- 
diagonal top modes could acquire a mass even using the T' projector, since p 12 ( Nl+N2 - ) ia 
and P? 1 (tv 1 +at 2 ) j Q have the same T' -chirality, and 

Trp^ {Ni+N2) ^ e«* p 2 } >{Nl+m , j0 * (107) 

is non-vanishing. Therefore only the diagonal ones remain to be problematic. For the T 
-chirality, all top modes are projected out. 

3.5 Breaking SU{2) R 

One of the motivations for the global SU(2)r symmetry is the fact that the only possible 
mass term (165D is automatically invariant under SU(2)r. However, the Yukawa couplings 
( 1661) do not necessarily preserve it. Let us now consider the case where the Yukawa couplings 
break SU(2)r. This is interesting in particular because then the doubling of the fermions 
becomes asymmetrical, i.e. the "mirror" fermions may have different low-energy properties. 
This is of course essential from a phenomenological point of view. 

8 this is particularly natural from the point of view of noncommutative field theory 
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The most general Yukawa coupling was given in (I66I) . Using 

Trp haX (v^)e a(3 e^ = Tr Vi , aX ( Pj ,p)e af3 £ ij , 

Trp iM e^e^ = -Trrj^p^e^ (108) 

it simplifies as 

S Y = J '(i 4 t/Tri )r ,/¥ e rs (^ (2) -l)^, s ^ 

+£ <*p £ ij (2fp iia x(Vj,p) + hpi, a x(pj,fs) + h 2 r}i,aX(Vj,p))- ( 109 ) 



Together with the mass term, this gives the general mass matrix for the (would-be) zero 
modes of ftp) in a type II vacuum 



h m + fx 
m- fx h 2 



(110) 



acting on I ^ ) . For illustration, consider the case hi = h 2 = 0. One can then write the 



V 

additional term as 6D pseudo-scalar 



(PyTrfmiTm. (Ill) 

For the would-be zero-modes in a type II vacuum, this gives explicitly the additional terms 

d'yTr ((m + /) p^f, + (m - f) ffyfj)^ (112) 

If e.g. m = ±f, then (p 12 ,i] 21 ) form a massive Dirac fermion, while (p 21 ,rj 12 ) remain 
massless and form a single mirror pair of fermions with opposite chirality. Therefore this 
removes^ the fermion doubling, but it does not remove the fact that each fermion has a 
mirror partner with opposite chirality and opposite quantum numbers. 



4 Extended model and SU(2j\f) structure 

In this section we point out that the degrees of freedom of this model are naturally arranged 
in S'f/(2A/') representations. For the fermions this is elaborated in section (14.11) . This 
gives a natural relation with the twisted picture discussed in [9]. Similarly, the scalars 
(pi are naturally arranged as $ = 0o + <PaCa by adding a further component 0o! this has 
been anticipated several times. There are 2 motivations for this point of view: first, it 
naturally leads to the correct constant shift in the fuzzy Dirac operator ( |36i) . see (11191) 
below; however this is only suggestive. The main motivation is that it suggests a SU (2J\f)- 
invariant constraint $ 2 oc 1, which is known to provide an alternative description of Yang- 
Mills theory on Sfj [13]. This in turn is related to the alternative definition of a chirality 
projection ( |95l) . (11390 . While we are not able at present to show that it is consistent at 
the quantum level, this appears to be the best candidate for a chirality constraint. All this 
points to an underlying SU(2J\f) structure, which certainly deserves further investigation, 
including possible SUSY versions. 

9 at the expense of some fine-tuning 
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4.1 SU(2J\f) structure and Yukawa coupling 

It is natural to collect the fermions into a 27V x 27V matrix as follows 

■0i=l,r=l A=hr=2 \ ( A,r=l 



* a = -0 ipa = ra ' r=1 = 7' r=i (113) 

cf. ( )69|) . which under the global SU{2) x SU(2)r transforms as 

# -> (114) 

Now define 

# = <7 2 tf<7 2 , ^ r = £%,£ rS , (115) 

which using U 1 " a 2 U = a 2 transforms as 

§ -> o 2 U^U T R o 2 = U- 1T a 2 ^cx 2 U R 1 . (116) 

Note that cr 2 is the charge conjugation matrix for SU(2). Then the mass term can be 
written as 

S m = J d A yTr^ a e^e»e rs ^ p = J tfyTr^e ^ (117) 

(+ h.c). This suggests to arrange the scalars similarly: consider the antihermitian 27V x 27V 
matrix 

$ = <p a + (f> a cr a = (118) 

including an additional component 0o> which we set O = — f ^ or now but wn i cn wm be 
allowed to be dynamical later. The Yukawa coupling looks much nicer in this extended 
formalism: 

Sy = 2% j d 4 yTr^^^ = J d A yTr^ T a {a a [i(j) a ^ p \ + {i^ p})e aP 

d 4 yTr^lP {2) ^^e af3 , (119) 



where pi 2 \ is precisely the Dirac operator on the fuzzy sphere, with the correct constant 
shift due to 0o — — § (which will be understood naturally below). We can also impose the 
discrete symmetry 

ip^iip, $ -> (120) 

which excludes the mass term ( 11 17ft . and requires the potential for M below to be even. 
This is very appealing, since the correct constant shift for the Dirac operator on Sff is 
then automatic, and no bare mass term is allowed. It strongly suggests an underlying 
SU(2N) structure. However, the Yukawa coupling (I119p explicitly breaks SU{2Af) down 
to SU(N) x SU(2) x SU(2) R . Then there is another Yukawa coupling compatible with 
this unbroken symmetry, 

VyTrf^oV^ 3 - (121) 



This essentially amounts again to a mass term in our vacua, spoiling to some extent the 
reason for introducing the SU (27V) structure. One could argue that this term is absent at a 
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fundamental very high scale, and will be induced only at lower scales due to renormalization, 
where this SU (27V) symmetry is broken. 

Further interesting possibilities appear once we include another fermion k with the 
same properties as \l/ as discussed in section [5] This might then allow to break SU (2Af) 
spontaneously However, we leave such explorations to future work. 



Relation with twisted picture This extended formalism suggests to consider the diag- 
onal "twisted" SU(2)d C SU(2) xSU(2)r subgroup generated by (U, U~ 1T ). Decomposing 
\I/ into vector and scalar fermions $ = \Ev + under this SU(2) D , where 

^V,a = ?Pa,aVa, * S,a = TpO^O, (122) 

the Yukawa coupling (j!19p can be rewritten as^l 
S Y = 2i J d A yTr^l<&m p e a P 

= i jTr (-#y, a {$, ^vA ~ 2^ s , a *v,p] + ^sA)^ (123) 



Now 



where 



J Tr^ v>a {^,^}e a0 = 2 J d A yTr^ a $) [2) ^e a ^ (124) 



V>{2)^ = ~£abc [<t>b, 1pc,a] + *Pa,a (125) 

V / a,a 

is the "vector-Dirac operator" . Similarly, 

i J d 4 yTrV s ,a [Q^vA^ = 2 * / d A yTr^ a [0.,^]^ (126) 



and 



i j d 4 yTr^ s ,a{^^sA^ = j d A yTr^ ^ (127) 
The kinetic term of the action is 

S K = j d i yTr^ia»{d, + \A^.])m 



The 6-dimensional interpretation of this form is less obvious, because it looks like a vector 
on the internal sphere rather than a spinor. As discussed in [9], it can be interpreted as a 
twisted compactification [18,19], which is realized very naturally here. The decomposition 
into KK modes and the low-energy effective action can be computed easily, by decomposing 
these adjoint spinors into the eigenmodes of the "vector-Dirac operator" . We see that this 
is simply a different organization of our doubled fermion picture. 



10 



Note that the transposition acts only on the 2x2 block structure. 
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A truly different model would be obtained if only the twisted SU{2) D is a symme- 
try while the full SU{2) x SU{2) R is broken. This would be consistent with additional 
constraints such as ^ — 0, [$ a , *f? a ] = 0, and 

# = -^ T . (128) 

However, this still does not give a chiral theory, since these constraints are real. 

4.2 S£/(2A/*)-extended scalar sector 

The above SU(2J\f) formalism is very interesting for several reasons, and we discuss here 
how the scalar sector can be extended to be invariant under this SU(2J\f). Following [10,13], 
we consider the antihermitian 2J\f x 2JV matrix 

$ = 00^0 + 4>aOa (129) 

as in (11181) . including a scalar field </>o = — (pQ in the adjoint of SU(J\f). For the moment we 
assume </>o = — |, but <p will become dynamical below. The main observation is 

$ 2 = Ma + 0o0o)l + \ie abc F bc a a (130) 
with the generalized Sfj field strength 

F ab = [$ a , $ 6 ] - ie abc {(j)o, <j) c }. (131) 
We note in particular that any vacuum of the form ([141 . we have 

$ 2 = {<Pa<Pa + <Pl)h OC l m (132) 

for a suitable 0o ~ ~\- We can then furthermore impose the discrete symmetry (I120p . 
which requires the potential to be even and excludes a mass term for the fermions. 

We now promote O to a dynamical field, and consider the extended SU{2Af) symmetry 

$ -> U-^U, U G SU{2N). (133) 

The most general potential compatible with this symmetry is given by 

V($) = Tr(M($$ + 6 2 1) 2 ) + (double-trace terms), (134) 

where the double-trace termj^l have the form ciTr($ 2 )Tr($ 2 ) + C2Tr($)Tr($ 3 ) + 
c 3 (Tr($)) 2 + c 4 (Tr($)) 4 + c 5 (Tr($)) 2 Tr($ 2 ) + c 6 (Tr($)) 2 . The corresponding equation of 
motion has the form a$ 3 + 6$ 2 + c$ + <i = 0, where the coefficients may involve trace terms. 
We assume furthermore that the term M($$ + b 2 l) 2 ) dominates i.e. M — > oo, while the 
double-trace terms are naturally suppressed by Then the vacuum $ decomposes into 
blocks which are small deformations of 

$ 2 oc 11, (135) 

11 some of those would be eliminated by fixing the trace of which however is not compatible with the 
discrete symmetry (|120j) . 
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which as shown in [13] is naturally interpreted as fuzzy sphere with some gauge group 
U(n). All these solutions are degenerate with V(<&) = as long as V($>) = Tr(a(§§ + bt) 2 ). 
However, due to the presence of e.g. Yukawa terms which break the SU (27V) symmetry, we 
expect after renormalization additional terms to be induced in the potential for <p a such as 
those appearing in (jlj). These as well as the double-trace terms of ( 11341) give different energy 
to different solutions with different block structure, completely analogous to the mechanism 
discussed in section 12. 1[ Again, it is very plausible that the same convexity argument 
generically leads to the same types of vacua with low-energy SU{ni) x SU{n 2 ) x U(l) 
gauge symmetry. 



4.2.1 Constrained scalars 

In order to implement the chirality operator x', it would be nice to impose a constraint of 
the form (11351) . which together with a suitable trace condition on Tr($) provides precisely 
the tangential gauge fields on the fuzzy sphere [13]. A natural way to impose such a 
constraint is by adding the following renormalizable term to the action 

S = TrM($ 2 + 4) 2 (136) 

and letting M — > oo. This will indeed impose the desired constraint $ 2 = — c\ 1 for 
M — > oo, but we see that a running of ca must be allowed. Of course renormalization 
will induce other terms as well; nevertheless one may hope that for M — > oo, the RG flow 
will only change the eigenvalues of the projector, but not the property that $ has only 2 
different eigenvalues. A slightly different possibility is 

S = TrM($ 2 + c 2 A '(Tr(§)) 2 ) 2 (137) 

with M — > oo, which amounts to the essentially equivalent constraint $ 2 = —c^(Tr(^)) 2 t. 
This should be better behaved under renormalization since only marginal operators occur. 

Due to the presence of S'L r (2A/')-breaking terms e.g. from the Yukawa terms, renormal- 
ization will induce additional terms, in particulaif* 2 ! 

iV i 

S = Tr(<j )o + -) 2 . (138) 

9 £ 

As shown in [13], this provides an alternative definition of Yang-Mills on the fuzzy sphere: 
F = i(f>o — | is the (scalar) field strength, while the constraint <J> 2 = — \N 2 describes 
precisely 2 tangential gauge fields on Sfj. This holds provided Tr($) ~ iN, which we 
assume to follow from the double-trace terms in the action. We therefore expect to find 
the same physics as discussed in the previous sections. We refrain here from discussing the 
most general action compatible with the SU(Af) x SU(2) x SU{2) R symmetry. 

Nevertheless, implementing such a constraint in a 4D quantum field theory is far from 
trivial. For example, taking M — > oo appears to be a strong coupling limit; on the other 
hand, the term ($ 2 + b 2 ) actually vanishes in the fuzzy sphere vacuum, and the desired 
modes consistent with this constraint are not strongly coupled. Note also that this con- 
straint essentially amounts to a certain type of nonlinear sigma model in 4 dimensions, 



2 the precise values of the constants here are not essential 
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more precisely to projector- valued quantum fields (up to a shift). This provides renewed 
motivation to study this type of field theory, as well as an embedding in an extended SUSY 
model generalizing [9]. 

Assuming such a constraint for $, we can attempt to impose a chirality constraint on 
the fermions. 

5 Chirality constraint: the quantum case 

As we have seen explicitly in section l3~4"l only in a chiral theory we can expect to get exactly 
massless fermions. We recall the mechanism: \I/ 12 resp. \l/ 21 feel a U(l) magnetic flux on 
S 2 with strength k = N x — N 2 resp. —k in the type II vacuum. This leads to k would-be 
zero modes in \l/ 12 with positive chirality w.r.t. S 2 , and k would-be zero modes in \I/ 21 
with negative chirality w.r.t. S 2 . Thus in the chiral case only \l/ 12 (or only \I/ 21 ) is allowed, 
and there is no way for it to acquire a 4D mass without further symmetry breaking. In a 
non-chiral case however, they can pair up and acquire a 4D mass. 

Imposing a chirality constraint on the quantum level turns out to be difficult, and we 
are not able to define a renormalizable model which is 6D chiral at the quantum level. The 
reason is that the 6D chirality operator is a dynamical object which contains the scalar 
fields <p. This must be so, since at very high energies the model is again 4-dimensional, 
which is the reason for maintaining renormalizability. 

Nevertheless, we discuss some strategies to impose a 6D chirality constraint on the 
fermions. The most promising approach is to use the modified 6D chirality V (1531) as 
discussed in section 13.31 For this to be well-defined at the quantum level, the constraint 
$ 2 = ct seems necessary. Then the definition of T' simplifies replacing $ essentially by $. 
Taking into account possible renormalization of ca, the 6D chirality constraint T" = 11 ( 1951) 
becomes 

($ + c A i7 5 )¥ = (139) 

or ($ -c A 7 5 Tr($))^ = 0. 

There are 2 problems with this approach: first, $ 2 oc 11 amounts to some kind of 
nonlinear sigma model in 4 dimensions, which is not under control to our knowledge. 
Accordingly, it is not clear if f l 1 3 9 f) can be imposed consistently on the quantum level. The 
second problem is that the top modes of the diagonal blocks apparently become a large 
multiplet of massless fermions as discussed in section 13.41 which is clearly undesirable. 

Additional fermions. One might try to implement a similar constraint by including 
additional fermions k, giving the "wrong" chirality of \1/ a large mass. Consider for example 
the action 

S K = Tr£ T ($ 75 + c' A Tr($) )* + S km (n) + S y (k) (140) 

S K = Trk T (xis + 1 )* + S ki M + S y (k). (141) 

13 The main difference between (|f 40[) and (|i 41 [) is that the latter doesn't affect the highest mode, which 
is in fact preferable as discussed in section 
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Here k are fermions in the adjoint of SU(Af) which transforms under the global SU (2) x 
SU(2) R as 

k -> U^kU- 1 (142) 

Hence k T — > UR t Ur, and all symmetries are preserved, including the discrete symmetry 
$ — > — $. This term couples all modes of \I/ with the "wrong" 6D chirality to the "opposite" 
modes of k via terms of the form Tr c n p± ( n ),a ft ±,<n ' ) ' Q , giving them a large mass. While 
the kinetic term of k is essentially the same as for the Yukawa couplings can be chosen 
differently. 

In this situation, those modes of \I/ which satisfy the 6D chirality constraint do not (or 
only very weakly) couple to their counterparts in k, and essentially only their (would-be) 
zero modes survive. The surviving zero modes of \I> have a fixed 6D chirality, however 
those of k have the opposite chirality. This is quite similar to the non-chiral case, with 
the additional feature that the Yukawa sector of \I/ and k may be different. Again, some 
fine-tuning is required to avoid these zero modes of \I/ and k to pair up and aquire a mass. 
This leads again to 2 non-interacting or weakly-interacting almost massless sets of fermions 
with opposite chirality and quantum numbers. 

In any case, we end up essentially with a non-chiral model, which requires (mild) fine- 
tuning in order to have approximately-massless fermions due to the would-be zero modes. 
Those then come in "mirror pairs" \l/ 12 resp. \P 21 , i.e. an extra left-handed fermion for each 
right-handed one with the opposite quantum numbers. Such a scenario is known as mirror 
fermions, and has been considered from the phenomenological point of view in [5] . These 
models may become chiral at low energies, since the mirror fermions with the "wrong" 
chirality have different Yukawa sectors and are assumed to be heavier (of the order of the 
electroweak scale [5]) and hence hidden at low energies. 

There are other constraints which could be imposed on the fermions, one of which is 
described below. However they do not appear to give complex chiral low-energy fermions. 



Alternative constraints One may try to impose a "twisted" version of chirality, in 
terms of 

(143) 

N 

assuming again <3> 2 ~ 1. Then imposing a twisted chirality x'R = 1 amounts to 

(x'R - 1)* = = ^$ (144) 

while 

(x'R +1)^ = $^ = (145) 

This relates SU(2)v to SU(2)r, and preserves only the diagonal SU(2)d of the twisted 
picture in section 14.11 Such a constraint could be imposed more easily on the quantum 
level, by adding 

TrMm a {§^ p }e aP (146) 

to the action with large M. However, our (in-exhaustive) analysis of this and similar 
constraints did not reveal a chiral low-energy theory. Note that (11461) is preserved under 
renormalization; imposing e.g. (I139p or Rty = is much more difficult. 
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6 Fluxons and prospects for low-energy SSB 



We suggest here briefly a possible mechanism for further (low-energy, electroweak) sym- 
metry breaking. This is speculative at this point, nevertheless it is compelling and natural 
enough to justify further investigation. 

Consider a type II vacuum with an additional fluxon present. Then the scalars for the 
vacuum can be 



where c a G iM. denotes the position of the fluxon on S 2 , and we assume furthermore a 
nontrivial off-diagonal column D a . This is the key to further SSB. To establish (or exclude) 
such a vacuum would require more detailed analysis of the scalar potential V((f>i) which 
has not been attempted. The crucial point is that any D a ^ can be transformed in the 
form D\ = (0, 0, d*), which implies that SU (712) is broken spontaneously to SU{ri2 — 1). 
Assuming that n\ = 3, n 2 = 2 this amounts to further breaking SU(3) x SU{2) x U(l) x 
U(l) — ► SU(3) x U(l) x U(l), where D a plays the role of the "electroweak" Higgs. For the 
fermions we expect zero modes in the off-diagonal blocks, 



while the fluxon sectors are localized on S 2 and therefore essentially 4-dimensional. In 



SU(2), providing right-handed quarks and left-handed leptons. ^32 is in the bifundamental 
of SU(3) x SU(2) corresponding to left-handed quarks. The right-handed leptons might 
arise from diagonal fluxon block, but this is purely speculative at this point. The family 
number should arise from the index k, which however appears to prefer k — 1. In any case 
at present this is just a toy model, with the aim to establish the basic mechanisms. 

Relation with CSDR scheme 

It is interesting to look at the results of this paper from the point of view of coset space di- 
mensional reduction (CSDR). In [3], similar effective 4-dimensional models are constructed 
starting from gauge theory on M 4 x Sjj, by imposing CSDR constraints following the general 
ideas of [27,28]. These constraints boil down to choosing embeddings of SU{2) C SU(J\f), 
which can be identified with the possible block configurations (11411 . The solutions of the 
constraints can be formally identified with the lowest modes of the KK-towers of the fields. 
On the other hand, the present approach takes into account the most general renormalized 
potential, leading to a vacuum selection mechanism and nontrivial fluxes. 

In the context of ordinary CSDR, the question of chiral fermions has been studied 
in [29,30]. This appears to be consistent with our conclusion that the model in the present 
setting is non-chiral. Nevertheless, it is not entirely clear to which extent these commutative 
results are applicable to the fuzzy case. 




(147) 




(148) 




corresponds to a fundamental (5) — > (3) © (2) of SU(5) — > SU(3) x 
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7 Discussion 



We have presented a simple, renormalizable 4- dimensional SU(Af) gauge theory with 
suitable scalar and fermionic matter content, which spontaneously develops an extra- 
dimensional fuzzy sphere. The underlying mechanism is simply SSB and the Higgs effect. 
The model behaves as a 6-dimensional Yang-Mills theory on M 4 x S%, for energies below a 
cutoff Aqd = The expected KK modes for the fermions are found, extending the bosonic 
analysis given in [2] . This model is remarkable not only for this striking behavior, but also 
for a natural mechanism for obtaining an unbroken gauge group SU{n{) x SU{ri2) x U(l) 
as well as zero modes due to a magnetic flux on Sjj. It represents a particularly simple 
yet rich realization of the idea of deconstructing dimensions [1], taking advantage of results 
from noncommutative field theory. This allows to consider ideas of compactification and di- 
mensional reduction within a renormalizable framework. Our framework provides in fact a 
slight generalization of the conventional geometric compactification, which manifests itself 
e.g. in the different effective radii seen by fermions and gauge fields. Moreover, using the 
results of [4] this mechanism can be understood as an effect of gravity in extra dimensions. 

However, it turns out that the model is non-chiral a priori, and imposing a chirality 
constraint appears to be very difficult on the quantum level. This means that each would- 
be zero mode from \l/ 12 has a mirror partner from \l/ 21 , with opposite chirality and gauge 
quantum numbers. Thus we arrive essentially at a picture of mirror fermions discussed e.g. 
in [5] from a phenomenological point of view. While this may still be interesting physically 
since the "mirror fermions" may have larger mass as the ones we see at low energies, it 
would be desirable to find a chiral version with similar features. There are indeed many 
possible directions for generalizations, exploring other types of fuzzy internal spaces. We 
hope to report on such an extension to CP-fi soon. 

Another interesting generalization would be supersymmetry. This is natural since both 
bosons and fermions are in the adjoint of the gauge group; furthermore, the observation of 
section H] that both the fermions and scalars are naturally arranged as adjoint of SU(2J\T) 
points to supersymmetry at some higher scale. Indeed, a very similar SUSY model has 
already been discussed in [9] which also develops an extra-dimensional sphere. That model 
is related to the Maldacena- Nunez twisted compactification. However, our mechanism 
for vacuum selection and obtaining a type II vacuum unbroken gauge group SU{n\) x 
SU{n 2 ) x £7(1) no longer applies in that model, since SUSY is unbroken. This suggests to 
search for a SUSY version of our model, where the nontrivial type II vacua are accompanied 
by spontaneous SUSY breaking. 

Finally, a natural generalization of this idea is to spontaneously generate not only the 
extra dimensions but also the "visible" ones. This leads to the matrix-model approach to 
noncommutative gauge theory, which at least in the Euclidean case has been elaborated in 
several models such as [20], or e.g. [21] for matrix models related to string theory. Taking 
into account results in [22], a combination of such models with fuzzy extra dimensions 
might be particularly interesting. 
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8 Appendix 

Appendix 1: The fuzzy sphere 

The fuzzy sphere [23] is a matrix approximation of the usual sphere S 2 . The algebra of 
functions on S 2 (which is spanned by the spherical harmonics) is truncated at a given 
frequency and thus becomes finite dimensional. The algebra then becomes that of N x N 
matrices. More precisely, the algebra of functions on the ordinary sphere can be generated 
by the coordinates of M 3 modulo the relation Y^=i x a x a = r 2 . The fuzzy sphere S% is the 
non- commutative manifold whose coordinate functions 

x a = r — - X a , x\ = x a (149) 

are N x N hermitian matrices proportional to the generators of the iV-dimensional rep- 
resentation of SU{2). They satisfy the condition Y^ a =i x a x a = r 2 and the commutation 
relations 

[X a ,X b ]=e abc X c . (150) 

For N — > oo, one recovers the usual commutative sphere. The best way to see this is to 
decompose the space of functions on S% into irreps under the SU (2) rotations, 

S 2 N ^(N)®(N) = (1) © (3) © ... © (2/V - 1) 

= {Y°> } © ... © {y("-i)."»}. (151) 

This provides at the same time the definition of the fuzzy spherical harmonics Y lm , which 
we normalize as 

Tr N ((y' m )ty''™'j = S ll 'S mm ' '. (152) 

Furthermore, there is a natural 577(2) covariant differential calculus on the fuzzy sphere. 
This calculus is three-dimensional, and the derivations of a function / along X a are given 
by e (/) = [X a , f] . These are essentially the angular momentum operators 

J a f = ie a f=[iX a ,f], (153) 

which satisfy the SU (2) Lie algebra relation 

[J a , J b ] = ie abc J c . (154) 

In the N — > oo limit the derivations e a become e a = e abc x b d c , and only in this commutative 
limit the tangent space becomes two-dimensional. For further developments see e.g. [24-26] 
and references therein. 
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Appendix 2: The spectrum of ^ 2 ) 

Let us work out the spectrum of If) (2) in detail. For a given by (|T31) . we have 
#>( 2 )* = ia a ((j) a y -^(f) a ) + y 

= (aa a J a + l)tf = a(C 2 - ^ - J 2 )^ + (155) 

where C 2 := (|cr a + J a ) 2 is the quadratic Casimir. Ignoring the extra su(n) degrees of 
freedom, this can be evaluated on the decomposition ( 1511) using some SU (2) algebra. The 
eigenvalues of Tpi^ on the modes ^±,(n) are given by 



'±,(n), 



(156) 



0(2)*±,(n) = («(C2 " I - J 2 ) + l) * 

where C 2 = ±(n 2 - 1), J 2 = ±((n T I) 2 - 1), and thus 

0(2)*±,(rO = (^-(nTlf-^ + ljvf^) 

= (±|n + (1 - a)) * ±i(n) = ^ =±)( „) * ±>(n) (157) 



with 



_ a j n, 8 = 1, n = 2, 4,. ..,27V 
Sfa± 'W ~ 2 I -n, * = -!, n = 2,4,...,2iV-2 (158) 



assuming awl; this is exact for a = 1. This can easily be generalized to the type II 
vacuum, which is not needed however. 

Th eigenvalue of x can be worked out similarly using 

= ^ a {i<j> L a + = 1 ( ai J 2 L - a 2 J 2 R - a 2 X| + a 2 X 2 ) * ±>n , (159) 

where C 2 = \{n 2 — 1), J\L, a = \&a + and JiR >a = \<J a — X^. This is written for the 
case of the type II vacuum. In particular, for the highest mode of the diagonal blocks we 
have J\ L = i((iV + l) 2 - 1) = J 2 H , hence x(^+, {2 n)) = exactly. 

A quick way to determine the chirality for the lowest modes is indicated in the main 
text. 

2D chirality of the conjugate spinors Recall from ( !69l) that pf = EijE al3 (ppj)', hence 
~p a = (202) s al3 (p/3)^ 2 where T 2 denotes transposition of the matrix indices Then 
consider 

xP a = ^ /3 (^ 2 )(xp /3 ) tT2 = -^^ /3 (^ 2 )K{$ a ,p,}) tT2 



^e^{ia 2 ){-a 2 a a a 2 ){{^pf}) 



N 

i 

N 



-j^^{ia 2 ){{^p^}) 

-X(p a ), (160) 
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where we used a J = — o" 2 cr a <7 2 and antihermiticity of a . 

For the zero modes, this can be understood by noting that p G (2) <g> (N + m) <8> (N) 
while p G (2) <g> (AT) <g> (AT + m), since the transposition T 2 acts only on the spinor indices. 
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